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Nodal Temperature Estimation Algorithms
for Nonlinear Thermal Network Models
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Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California 91109

Algorithms for estimating temperatures at arbitrary nodes of steady-state thermal network models, given noisy
measured values of a subset of the nodes of the network, are described. Applicationswhere temperature estimation
is desired include correlation of test and analysis results, thermal-stress estimation, and others. An optimization
problem is formulated to recover the temperatures at the unobservable nodes. This problem is an example of
nonlinear, least-squares minimization with a single quadratic constraint (imposed by the measured data) and is
solved with the method of Lagrange multipliers. New algorithms are developed that � nd local minima of the cost
functional through a Newton-type iteration procedure. At each iteration a least-squares problem with a quadratic
inequality is solved with a fast and memory-ef� cient method. The proposed algorithms are shown to be at least an
order of magnitude faster than standard algorithms. Their accuracy and speed are examined through a series of
tests on thermal models from ongoing NASA missions.

I. Introduction

P HYSICAL and economic constraints typically limit the num-
ber of temperature sensors that can be used on a thermal test of

a system. These limitations include laboratory or � eld restrictions,
available number of data channels, inaccessibility of certain parts
of the system, etc. However, it is often desired to have temperatures
of the system at more locations than those allowed by these con-
straints. Common reasons include correlation of test and analysis
results at all nodes represented in the full thermal model of the sys-
tem, estimationof thermal stresses, temperature node visualization,
and others.Our particularmotivationfordevelopingtemperaturees-
timation methodologies stems from an ever-increasingdemand for
highlyaccuratethermal analysisand simulationof spacecraft.These
demandsareparticularlychallengingforseveralplannedspaceborne
science instruments, such as the Next Generation Space Telescope1

and the Space Interferometry Mission.2 The objective of this work
is to developmethodologiesthat combine a priori models with mea-
sured temperature data to improve the accuracy of the estimate of
the global temperature distribution obtained from the model alone.

Although analytical models are commonly developed to assess
the global temperature pro� le of the system, discrepancies often
arise between the mathematical predictions and the actual temper-
atures obtained through experimental data. Errors are typically due
to modelinguncertainties(for example,physicalpropertiesof mate-
rials, model resolution, and connectivities), experimental measure-
ment errors,or errors in the assumed input heat load.The intenthere
is to developa methodologythat would improve the model’s predic-
tive accuracy of the global temperature pro� le by using measured
test data at selected measurement nodes in conjunction with the
analytical model. The analogous problem of predicting global me-
chanicalmotions from a reduced set of measurementnodes through
structural models has been studied extensively over the years; for
example, see Guyan,3 Kidder,4 Levine et al.,5 Kammer,6 Smith and
Beattie,7 and Zimmerman and Kaouk.8 Although signi� cant work
has appeared in related areas such as parameter identi� cation and
inverse problems for thermal systems (e.g., Beck et al.,9 Alifanov,10
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Hensel,11 Kurpisz and Nowak12 and references therein), techniques
for predictingglobal system temperaturesfrom a limited set of mea-
sured temperatures has not seen a similar development.

The methods that have been developed for structural problems
are restricted to linear models and, thus, are not directly transfer-
able to thermal network problems in which radiation contributes
signi� cantly to heat exchange in the system. The challenge pre-
sented by these nonlinear network models is twofold. The � rst is to
formulate a tractable mathematical problem that captures the high-
levelobjectiveof improvingthe predictiveaccuracyof the analytical
model by incorporating measured data. Second, because of the in-
herent nonlinearities in these problems and the ever increasing size
of the thermal networks of interest, a concomitant challenge arises
to develop robust and fast numerical methods to solve the resulting
problem.

The general approach we settle on is to determine the global
temperature set that minimizes the energy imbalance of the analyt-
ical model while meeting the accuracy constraints imposed at the
measured nodes. Section II contains a discussion of various math-
ematical instantiationsof this approach. The optimization problem
that emerges from these considerations is a nonlinear least-squares
problem with a scalar quadratic inequality constraint.Two different
strategies (leading to two differentminimization problems) are pro-
posed and analyzed. A standard technique for nonlinear program-
ming, the sequential quadratic programming (SQP) method is � rst
examined. This proves to be very slow for large-scale problems.
Subsequently, new algorithms are proposed with improved speed
that take advantage of the particular structure of the network equa-
tions, as has been previously exploited by Milman and Petrick13

and Papalexandris and Milman.14 These algorithms belong to the
class of Gauss–Newton iterative methods. Each iteration involves
solving a least-squares problem with a single quadratic constraint
(LSQI).15 Traditional techniques for the LSQI problem15 employ
singular value decomposition, which becomes prohibitively slow
for large problems. Again, by exploitation of the problem struc-
ture, a new method for the LSQI problem is developed that relies
on the much faster QR decomposition.15 This new algorithm also
leverages on the problem feature that the observed nodes comprise
a small subset of the total degrees of freedom of the system, thus
leading to a signi� cant computationalsavings in solvingeach linear
subproblem.

This paper is divided as follows: Section II contains a brief de-
scription of the thermal network equations and the formulation of
the node-prediction problem. Sections III and IV describe brie� y
the SQP method and in detail the proposed algorithms for solv-
ing the problems of interest. In Sec. V, the ef� cacy of the pro-
posedalgorithmsis examinedthroughnumericaltests on large-scale
spacecraft models that have been used in ongoing NASA projects.
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II. Formulation of the Temperature
Estimation Problem

This section is devoted to a brief description of the thermal net-
work equations and the formulation of the temperature estimation
problem. The following de� nitions are necessary for the discussion
that follows. Let RN be the real, N -dimensional linear space of col-
umn vectorsx D [x1; : : : ; xN ]T . The coordinatewisepartialordering
on RN implies that if x; y 2 RN , then x ¸ y if and only if xi ¸ yi for
all i D 1; : : : ; N . The Euclidean norm

jxj D

(
NX

i D 1

x2
i

) 1
2

in RN will also be used. Finally, let RN
C D fx 2 RN : x ¸ 0g.

A thermalnetworkis de� nedas a set of nodesthatare connectedto
each other via linear or quarticconductances.16 In principle,it arises
from a � nite difference discretization of the heat transfer equation.
Often, however, the network approach is adopted to construct mod-
els of complex systems in which a node is merely an isothermal
component of the system.

In general, a thermal network model consists of N interior nodes
and n boundarynodes. The steady-state temperature distributionon
the interior nodes [T1; : : : ; TN ] satis� es the following system of N
nonlinear algebraic equations:

OQ i C
N C nX

j D 1

OC i j .T j ¡ Ti / C
N C nX

j D 1

ORi j

¡
T 4

j ¡ T4
i

¢
D 0

i D 1; : : : ; N (1)

In Eqs. (1), OQ i are the externalheat loadson the system, and OC i j and
ORi j are the conduction and radiation coef� cients of the system, re-

spectively. The temperature distribution TN C 1; : : : ; TN C n on the
boundary nodes is assumed to be known and given.

The network system can be written in a matrix form after
the following substitutions. First, let T D [T1; : : : ; TN ]T , D.T/ D
[T 4

1 ; : : : ; T4
N ]T , and D 0.T/ D [T3

1 ; : : : ; T 3
N ]T . Further, de� ne the

N £ N matrices C and R as

Ci j D

(
OC i j ; if i 6D j

¡
PN C n

j D 1
OC i j ; if i D j

(2)

Ri j D

( ORi j ; if i 6D j

¡
PN C n

j D 1
ORi j ; if i D j

(3)

Finally, let Q D [Q1; : : : ; Q N ]T be the forcing vector of
system (1), arising from the combination of the heat loads OQi and
the energy exchange through the boundary nodes, that is,

Q i D OQi C LQi ; i D 1; : : : ; N (4)

with

LQ i D
N C nX

j D N C 1

OC i j T j C
N C nX

j D N C 1

ORi j T
4
j ; i D 1; : : : ; N (5)

After making these substitutions, the thermal network equation (1)
is written in the more compact form

F .T / ´ Q C CT C R D.T / D 0 (6)

Assume that temperaturemeasurementscan be taken at M nodes
of the network. These are the observednodes of the system,denoted
as the® set.The remaining N ¡ M nodesare theunobservablenodes
of the system,denotedas the ¯ set. Let T® denote the set ofmeasured
temperatures at the observed nodes. Finally, assume that the nodes
of the system have been rearranged so that the temperature vector
T can be partitioned as T D [T®; T¯], where T ® is the temperature

vector of the ® set and T¯ is the temperature vector of the ¯ set.
Then system (6) can be partitioned as
µ

F1.T®; T¯ /

F2.T®; T¯ /

¶
D

µ
Q®

Q¯

¶
C

µ
C®® C®¯

C¯® C¯¯

¶ µ
T®

T¯

¶

C
µ

R®® R®¯

R¯® R¯¯

¶ µ
D.T®/

D.T¯ /

¶
D

µ
0

0

¶
(7)

where C®® and R®® are the M £ M principal submatrices of C and
R and C¯¯ and R¯¯ are .N ¡ M/ £ .N ¡ M/ submatrices of C and
R, respectively.

Heuristically the problemthat is addressed is to estimate the tem-
perature set T¯ from the model (7) and (noisy) temperature mea-
surements at the observed nodes. Various estimators of T¯ can be
obtainedbasedona prioriknowledgeassumptionsmade on the loads
Q in the model and the error in the measured temperature values. To
explore these possibilitiesa few model problems are � rst described
that will serve to guide the developmentof these formulations.

A. Model Problems
The estimationproblemsdiscussedare restrictedto linearmodels.

This serves not only to simplify the exposition, but also to identify
the linearizedsubproblemsthat are associatedwith solving the non-
linear estimation problem via iterative methods.

The simplest (and probably earliest) expansion technique is due
to Guyan.3 Although its original application is to structural mod-
els, because it only involves the stiffness matrix of the system, it
has an analogousapplicationto steady-statelinear conductionmod-
els. The correspondencesare 1) conduction matrix! stiffness ma-
trix, 2) temperature! displacement,and 3) heat � ow rate ! force.
The Guyan expansion is based on the assumption that the state of
the system is due to loads applied at the observednodes.Thus, in the
Guyan model, system (7) has the form

µ
C®® C®¯

C¯® C¯¯

¶ µ
T®

T¯

¶
C

µ
Q®

0

¶
D 0 (8)

where, by our correspondences,T is the deformation and Q® is the
force. T® is known with certainty in this model, and Q¯ is known
to be zero. The solution for the displacements at the ¯ set is now
deterministic:

T¯ D ¡C¡1
¯¯ C¯® T® (9)

Note that it is not necessary to know the value of Q® to determine
T¯ , only that Q¯ D 0. In fact, Q® can be solved for after T¯ is deter-
mined.

The Guyan3 assumptions are fairly restrictive in that error in the
measured temperatures are not allowed, and zero load at the ¯ set
is assumed. These assumptions can be relaxedonce it is recognized
that theGuyan expansionsolvesa certainoptimizationproblem.The
optimization perspective opens up several alternatives for dealing
with departures from the nominal assumptions.These are described
next.

Let P® denote the projection operator onto the ® set, that is,

P®

µ
T®

T¯

¶
D Ta (10)

for any displacement vector T D [T®; T¯ ]. By direct substitution, it
is easy to verify that

T D
µ OT

¡C¡1
¯¯ C¯®

OT

¶
(11)

solves the optimization problem

min
T

hCT; Ti; subject to OT D P® T (12)

where OT representsthemeasured temperatures.This resultstates that
the Guyan3 expansion is obtained by minimizing the strain energy
of the system while constraining the ® set displacements to match
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the measured displacement vector OT. Although the initial Guyan
assumption on the applied force may have appeared to be ad hoc, it
is now a consequenceof the solution to the optimization problem.

The optimizationformulationmakes it quitenaturalto incorporate
errors in the measurement OT. For example, a standard quadratic
programming problem results if the constraint y D P® T is replaced
by the M inequalityconstraints,where M is the numberof observed
nodes:

j OT i ¡ Ti j · ²i ; i D 1; : : : ; M (13)

where ²i ¸ 0 de� nes the maximum allowable error in each measure-
ment. A scalar constraint of the form

j OT ¡ T® j2 · ² (14)

leads to the LSQI problem,15 which will be analyzedin greaterdetail
in Sec. IV.

The solution can also be affectedby changing the objective func-
tional. For example, inserting the cost functional J .T/ ´ jCTj2 into
relation (12) leads to a solution to the equality constrainedproblem
(12) that no longer constrains the applied forces to the observed
nodes. The solution to this problem minimizes the Euclidean norm
of the vector of forces required to obtain the measured displace-
ments.Still anotheroption is to introducethe constraintvia a penalty
function, for example,

min
T

hCT; Ti C ° jP®T ¡ OTj2 (15)

for suitably chosen scalar weighting term ° .
The precedingvarious optimizationalternativesmake no a priori

assumptions on the applied load. The thermal network problems
always involvea heat load enteringthroughthe boundaryconditions
in addition to other possible sources. If the load is known with
certainty, the problem is totally determined; we simply solve the
system

CT C Q D 0 (16)

where Q is the applied load. Equation (16) has equivalent formu-
lations as optimization problems, for example, when C is positive
de� nite, an equivalent formulation is

min
T

hCT; Ti C 2hT; Qi (17)

Another formulation is

min
T

jCT C Qj2 (18)

In the mechanical system, the � rst formulation in relation (17) min-
imizes the energy imbalance under the assumed load, whereas the
objective (18) minimizes the force imbalanceunder the load. These
quadratic forms can be substituted into the various optimization
problems that have been formulated to account for a priori knowl-
edge of the load. Coupled with the constraint equations in Eq. (12),
(13), or (14), the minimum value of these objective functionalswill
not necessarily be zero.

A � nal alternative that is worthwhile to discuss uses a probabilis-
tic formulation of the problem. In this case, we write the load as
Q D Q0 C ±Q, where Q0 is known and ±Q is an unknown random
vector with known covariance matrix dQ. The corresponding dis-
placement can be written as T D T0 C ±T, where T0 D ¡C¡1Q0 and
±T D ¡C¡1±Q. The measurement equation has the form

OT D P®T C ´ (19)

where ´ is a measurement error vector with known covariancema-
trix, for example, R´. When z D OT ¡ P® T0, the estimation problem
is to � nd the linear minimum variance estimate of ±T given the
measurement z D P®±T C ´ and the covariance matrix

E.±T±TT / D C¡1dQC¡T (20)

This is a standard Gauss–Markov estimation problem and is equiv-
alent to the weighted least-squaresproblem

min
±T

£
±TT C T dQ¡1C±T C .z ¡ P®±T/T R¡1

´ .z ¡ P®±T/T
¤

(21)

Note that this formulation is very similar to the weighted problem
(17).

B. Network Estimation Problems
The extensionof any of these formulations to the nonlinearmodel

in Eq. (7) will require iterative solutions that involve solving linear
subproblemsof the type described earlier. An important considera-
tion in the choice of problem formulation is the dif� culty in solving
the linearized subproblems. Because of the nature of the thermal
network, the objective functional must contain some a priori infor-
mation of applied heat loads because they will at least be present
via the boundary conditions.

The weighted least-squares problem (17) satis� es both require-
ments. Furthermore, it enjoysan “optimal” probabilisiticinterpreta-
tion when the weighting parameters properly re� ect the covariance
matrices of the process noise term dQ and the measurement noise
term R´. Although it is reasonableto assume that the statisticsof the
measurement error may be fairly well characterized,the same prob-
ably cannot be assumed about the load. In the absence of statistics
on the load vector, the weights tend to become somewhat arbitrary.
In this case the inequality constrained formulations are preferable.
These formulations enforce the assumed measurement error with-
out weighing the magnitudeof this error against the accuracy of the
thermal model with its assumed load.

These considerations lead us to de� ne two problems, both based
on minimizing an error imbalance subject to the scalar inequality
constraint (14). The choice of the LSQI constraint instead of the
constraint in relation (13) is for simplicity in solving the linearized
subproblemswithout sacri� cing the constrainedmeasurement error
formulation. The � rst objective formulation is an extension of the
Guyan3 model.The interpretationis that thereare two observedparts
of the model. The � rst is the ® set of temperatures, and the second
is the load applied to the ¯ set. Hence, this formulation assumes
that the correct load has been applied to the ¯ set, Q¯ . This problem
will henceforthbe referred to as nonlinear programming problem 1
(NP1).

Problem NP1:

min
T

jF1.T/j2 (22)

[compare Eq. (7)], subject to

F2.T/ D 0 (23)

jT® ¡ OTj2 · ²j OTj2 (24)

Note that, if ² D 0 (absence of noise in the measurements), this
problemreduces to the Guyan expansion3 that was describedearlier.

The second formulation does not make this assumption and is
referred to as NP2.

Problem NP2:

min
T

F.T/ D jCT C RD.T/ C Qj2 (25)

subject to

jT® ¡ OTj2 · ²j OTj2 (26)

Problem NP2 is more consistent with the assumption that the en-
tire load vector Q might need modi� cation; hence, to rectify the
discrepancy between measured and computed temperatures at the
observednodes, heat may be applied anywhere.The robustnessand
overall ef� ciency of these two strategies are discussed in Sec. V,
where numerical tests of the various algorithms are described.
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III. Standard Algorithms for Estimation
Problems NP1 and NP2

In this section, a standard approach for solving problems NP1
and NP2 will be discussed. In the next section improved algorithms
that take advantage of the particular structure of the equations will
be presented. Problems NP1 and NP2 are examples of the general
NP problem. The problem is formulated as follows.

Consider a continuously differentiable objective function f .x/ :
Rn ! R, and m continuously differentiable functions c j .x/ :
Rn ! R, j D 1; : : : ; m; that serve as equality and/or inequalitycon-
straints. The constraints are assumed to satisfy some quali� cations,
also referred to as regularity conditions(for example, see Fletcher17

and Gill et al.18 ). These quali� cations are typically satis� ed in prac-
tical applications.The general NP problem is de� ned as follows.

Problem NP:

min
x

f .x/ (27)

subject to

c j .x/ · 0; j D 1; : : : ; m (28)

The associated Lagrangian is de� ned as

L.x; ¸/ D f .x/ ¡
mX

j D 1

¸ j c j .x/ (29)

The solutions to the preceding problem satisfy the well-known
Kuhn–Tucker optimality conditions

@L.x; ¸/

@xi
D 0; i D 1; : : : ; N (30)

¸ j ¢ c j .x/ D 0; j D 1; : : : ; m (31)

¸ j · 0; c j .x/ · 0; j D 1; : : : ; m (32)

where ¸ j ; j D 1; : : : ; m, are the Lagrange multipliers of the
problem.

Over the years, numerous methods have been developed for the
numerical solutionof problem NP. Most of these methods are based
on some iterative procedure to identify points where the Kuhn–

Tucker conditionshold. Among them, the SQP method19;20 is prob-
ably the most popular due to its robustness and good convergence
properties. According to this method, the sequence of approxima-
tions is generated by solving at each step the quadratic program-
ming subproblem that results from quadratic approximation of the
Lagrangian and linearization of the constraints. Modi� cations and
upgrades to the original SQP were proposed by Fletcher,21 Burke
and Han,22 Sahba,23 and others.

In the course of the present study, the algorithms that solve prob-
lems NP1 and NP2 have been implemented in a MATLAB® code,
which employs the built-in SQP routine of MATLAB.24 The SQP
method requires the computationof the solution to the thermal net-
work equations(6) and its Jacobianduring each step of the iteration
procedure.The network equations are solved with the algorithm of
Milman and Petrick,13 which is based on a restrictedstep-size New-
ton method. The Newton iterates are evaluated along a descent di-
rection of jF.T/j2. The step size of each iterationis determinedvia a
backtrackingline-searchalgorithm.25 An importantcost-savingfea-
ture of the thermal solver is the analytic evaluation of the Jacobian
of the thermal network equations (or semi-analytic, in the case of
temperature-dependent conductancematrices C and R).

Nonetheless, the SQP-based algorithms for NP1 and NP2 might
still be very slow for large-scale optimization problems, such as
thosethat are most oftenencounteredin practicalapplications.(Typ-
ically a thermal network consists of thousands of nodes.) The rea-
sons for the slow performance of these algorithms are as follows:
1) they use approximate expressions for the Lagrangian and its
derivatives,2) they use approximate(linearized) expressionsfor the
constraints, and 3) they require the solution of the thermal network
equationsduringeach step of the iterationprocedure.It is, therefore,
desired to develop some alternative methods with improved speed

for the solutions of the problems of interest. The proposed algo-
rithms and their numerical implementations are described in detail
in the following section.

IV. Fast Algorithms for Estimation
Problems NP1 and NP2

The basic idea of the proposed methods for the solution of the
optimization problems of interest is to construct a Gauss–Newton
iteration procedure that takes advantage of the form of constraints
(24) and (26) and converges quadratically to the desired solution.

Assume an objective function j f .x/j2 and m constraints
c j .x/; j D 1; : : : ; m. Given a current iterate xk , the Gauss–Newton
procedurecomputes the next approximationto the solution,xk C 1 , as
the solution of the following quadratic programming (QP) problem
(for example, see Ref. 18):

min
x k C 1

j f .xk/ C .xk C 1 ¡ xk/T ¢ r f .xk /j2 (33)

subject to

c j .xk C 1/ · 0; j D 1; : : : ; m (34)

The startingpoint of the sequencecan be the solutionof f .x/ D 0
in the absence of constraints, that is, fx0 2 RN : f .x0/ D 0g. This
algorithm converges if the starting point is suf� ciently close to a
solutionof the problem.The convergencerate is quadratic,provided
that the Jacobian r f .xk / is invertible.

A. Gauss–Newton Algorithm for Problem NP1
First assume that at least one node of the ¯ set exchanges heat

with either the boundary or at least one node from the ® set. This
assumption implies that the ¯ set is not isolated from both the ® set
and the boundary, and it holds for all nontrivial thermal systems. It
has been shown14 that under the preceding assumption the equation
F2.T® ; T¯ / D 0 possessesa uniquesolutionT¯ > 0 for everyT® > 0.
In other words, the � rst equation of Eq. (7) de� nes a continuous
function RM

C ! RM
C : T¯ D T¯ .T® /. This function can be employed

to eliminate the temperatures of the unobservable nodes from the
expression of F1 in Eq. (7):

F1 D F1[T®; T¯.T®/] (35)

with

rF1 D
³

@F1

@T®

´
¡

³
@F1

@T¯

´³
@F2

@T¯

´¡1³
@F2

@T®

´
(36)

In view of these relations, the Gauss–Newton algorithmthat gen-
erates the iterates fT k g consists of the following steps:

1) Givena thermalnetworkmodelandboundaryconditions,solve
the system of equations (7) to evaluate the starting point [T0

® ; T0
¯ ].

2) Given an iterate [Tk
®; Tk

¯ ], computeTk C 1
® by solvingthe follow-

ing linear least-squaresproblem with quadratic constraint (LSQ1):

Problem LSQ1

min
T®

­­F1

¡
Tk

®; Tk
¯

¢
C

¡
T® ¡ Tk

®

¢T ¢ .rF1/
k
­­2

(37)

subject to

jT® ¡ OT j2 · ²j OT j2 (38)

3) When Tk C 1
® is computed, evaluate Tk C 1

¯ as the solution of the
nonlinear system

F2

¡
Tk C 1

® ; T¯

¢
D 0 (39)

where F2 is given by Eq. (7). An alternative approach for the com-
putation of Tk C 1

¯ is to solve the linearized version of the preceding
system,

F2

¡
Tk

®; Tk
¯

¢
C

¡
Tk C 1

®
¡Tk

®

¢T ¢
³

@F2

@T®

´k

C
¡
T¯ ¡Tk

¯

¢T ¢
³

@F2

@T¯

´k

D 0

(40)
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This alternative approach for Tk C 1
¯ produces considerable savings

in computing time because it avoids the iterative procedure that is
required for the numerical solution of the nonlinear system (39).

Step 2 is an optimization problem in itself and is the key step in
the proposedprocedure. Its solutionwill be discussed now in detail.
When the substitutions

QT® D T® ¡ OT; Q² D ²j OTj2 (41)

QC ´
µ QC®®

QC®¯

QC¯®
QC¯¯

¶
D

µ
C®® C®¯

C¯® C¯¯

¶
C 4

µ
R®® R®¯

R¯® R¯¯

¶ "
D0

¡
Tk

®

¢

D 0
¡
Tk

¯

¢

#

(42)

QQ ´
µ

QQ®

QQ¯

¶
D

µ
Q®

Q¯

¶
¡ 3

µ
R®® R®¯

R¯® R¯¯

¶ "
D

¡
Tk

®

¢

D
¡
Tk

¯

¢

#
(43)

QA D QC®® ¡ QC®¯
QC¡1

¯¯
QC¯® (44)

QB D QA OT C QQ® ¡ QC®¯
QC¡1

¯¯
QQ¯ (45)

are made, the linearized problem LSQ1 can be written as

min
QT®

j QA QT® C QBj2 (46)

subject to

j QT® j2 · Q² (47)

Note that the Jacobian rF1 [Eq. (37)] is nonvanishing for every
T® > 0 (Ref. 14). Therefore, QA is always invertible.

The preceding optimization problem can be solved via standard
algorithms that involve the singular value decomposition (SVD) of
QA (for example, see Golub and Van Loan15 ). However, the SVD is

computationallyexpensive. (Essentially, it is an eigenvalue-�nding
procedure.) Therefore,large-scaleiterationschemes that employ the
SVD can often be very slow. The algorithmto be describedreplaces
the SVD with the QR decomposition, which is a much faster pro-
cedure. Flop count comparisonsbetween the two decompositions15

indicate that the QR decompositioncan be up to 20 times faster than
the SVD.

Let L1 denote the Lagrangian of problem LSQ1 (46) and (47).
Then,

L1 D j QA QT® C QBj2 C ¸
¡
j QT® j2 ¡ Q²

¢
(48)

where¸ is theLagrangemultiplierof theproblem.The Kuhn–Tucker
optimality conditions for this problem are

. QAT QA C ¸I / QT® D ¡ QAT QB (49)

¸
¡
j QT® j2 ¡ Q²

¢
D 0 (50)

j QT® j2 ¡ Q² · 0 (51)

¸ · 0 (52)

First, assume that the solution lies inside the feasibility region,
that is, j QT® j2 < Q² . Then condition (50) implies that ¸ D 0. In this
case, it is immediately deduced from Eq. (49) that

QTk C 1
® D ¡ QA¡1 QB (53)

Next, assume that the solutionlies on the boundaryof the feasibil-
ity region, that is, j QT® j2 D Q². Let 2 be an orthogonalmatrix and Z be
an upper triangularmatrix such that QA D 2Z . Because Z T Z is sym-
metric, there is an orthonormal matrix 8 such that 8T Z T Z8 D 3,
where 3 is diagonal. Therefore, Eq. (44) can be written as

8.3 C ¸I /8T QT® D ¡ QAT QB (54)

This equation can be solved for QT® and inserted into Eq. (45). The
result is

d1.¸/ D j8.3 C ¸I /¡18T QAT QB j2 D Q² (55)

This is a secular equation and can be solved in O.M/ operations.
It is evident that d1.¸/ is a continuous function and monotonic.15

Therefore, for a given Q², there exists a unique solution, for example,
¸¤. Because d1.¸/ is monotonic, a simple bisection approach can
be used to compute ¸¤. After the value of ¸¤ has been obtained, the
optimal vector QT® is obtained from Eq. (49).

Once the iterate for the observed nodes Tk C 1
® has been computed

as the solution of the LSQ1 problem, the iterate of the unobservable
nodes Tk C 1

¯ can be directly evaluated by solving the linear system
of step 3 [Eq. (40)]. When relationships(42) and (45) are employed,
the expression for the iterate becomes

Tk C 1
¯ D ¡ QC¡1

¯¯

¡ QQ¯ C QC¯® Tk C 1
®

¢
(56)

Note that the described Gauss–Newton algorithmconvergesonly
locally. If global convergenceis desired, the algorithmmust be sup-
plemented by an appropriate line-search procedure that limits the
step size. The startingpointT0 , however, is the solution to the initial
thermalnetworkequations(6), and so it is expectedto be suf� ciently
close to the optimal solutioneven when the available thermal model
is moderatelyaccurate.Therefore, the use of line-searchprocedures
can be avoided in almost all practical applications, resulting in sig-
ni� cant savings in computing time.

B. Gauss–Newton Algorithm for Problem NP2
Consider the full system of Eqs. (6) and the problem NP2

[Eqs. (25) and (26)]. The Gauss–Newton algorithm that generates
the iterates fT K g consists of the following steps:

1) Given a thermal network model and boundary conditions,
solve the system of equations(6) to evaluate the starting point T0 D
[T0

® T0
¯ ].

2) Given an iterate Tk D [Tk
® Tk

¯ ], compute the next iterate
Tk C 1 D [Tk C 1

® Tk C 1
¯ ] by solving the following linear least-squares

problem with quadratic constraint LSQ2:

Problem LSQ2

min
T

jF.T/ C .T ¡ Tk /T ¢ .rF/k j2 (57)

subject to

jPT ¡ OTj2 · ²j OTj2 (58)

where P is the M £ N matrix that selects the observed nodes, that
is, PT D T® . Without loss of generality, it may be assumed that P
has the form

P D [I® 0] (59)

where I® is the M £ M identity matrix. When the following substi-
tutions are made:

QT D T ¡ [ OT 0]T Q² D ²j OTj2 (60)

and relations (42) and (43) are employed, problem LSQ2 can be
rewritten as

min
QT

j QC QT C QQ0j2 (61)

subject to

jP QTj2 · Q² (62)

where

QQ0 D QQ C QC ¢ [ OT 0]T (63)

Note that the matrix QC D QC.Tk
®; Tk

¯ /, de� ned in Eq. (42), is the
Jacobianof the function F.T/, Eq. (6). It has been shown by Milman
and Petrick13 that this matrix is invertible for every T > 0.
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The LSQ2 problemcan also be solvedby the standardalgorithm15

that is based on the generalized SVD decomposition of the aug-
mented matrix [ QC; P]. However, as mentioned earlier, this opera-
tion can be very costly. It is, therefore, desirable to design a faster
numerical procedure by exploiting the particular structure of the
matrices involved. Such a procedure is described next.

The Lagrangian of this problem is

L2 D j QC QT C QQ0j2 C ¸.j QTj2 ¡ Q²/ (64)

and the Kuhn–Tucker optimality conditions are
¡

QC T QC C ¸ QI®

¢
QT D ¡ QC T QQ0 (65)

¸.j QTj2 ¡ Q²/ D 0 (66)

j QTj2 ¡ Q² · 0 (67)

¸ · 0 (68)

where

QI® D PT P D
µ

I® 0

0 0

¶
(69)

As in the case of LSQ1, if a Kuhn–Tucker point lies inside the
feasibility region, then condition (66) implies that ¸ D 0. Then it is
deduced from condition (65) that

QTk C 1 D ¡ QC ¡1 QQ0 (70)

If the optimal solution lies on the boundary of the feasibility
region, the proposednumericalprocedureis the following.Consider
the QR factorization QC D Ä0, where Ä is orthogonaland 0 is lower
triangular. 0 is partitioned as

0 D
µ

0®® 0

0¯® 0¯¯

¶
(71)

Obviously, QCT QC D 0T 0, so that 0T 0 is the Cholesky factorization
of QCT QC . Then, optimality condition (66) becomes

0T
¡
I C ¸0¡T QI®0¡1

¢
0 QT D ¡ QC T QQ0 (72)

When Ã D 0 QT is de� ned, Eq.(72) becomes
¡
I C ¸0¡T QI®0¡1

¢
Ã D ¡ÄT QQ0 (73)

Because 0 is lower triangular, its inverse, denoted by Q0, has the
form

0¡1 ´ Q0 D
µ Q0®® 0

Q0¯®
Q0¯¯

¶
(74)

so that

0¡T QI® 0¡1 D
µ Q0T

®®
Q0®® 0

0 0

¶
(75)

When Ã is partitioned as Ã D [Ã® ; Ã¯ ]T and ÄT QQ0 is partioned as
ÄT QQ0 D [!® !¯ ]T , system (73) can be written as

¡
I® C ¸ Q0T

®®
Q0®®

¢
Ã® D ¡!® (76)

Ã¯ D ¡!¯ (77)

Because Q0T
®®

Q0®® is symmetric, there is an orthonormal matrix U
such that

U T 0T
®®0®®U D QD (78)

where QD is diagonal. Furthermore, the diagonal elements of QD
are strictly positive because 0 is invertible. Now, because Q0®® D

0¡1
®®

(recall that 0 is lower triangular), inverting Eq. (78) yields
U T Q0T

®®
Q0®®U D QD¡1 . Thus, diagonalizationof Eq. (76) results in

Ã® D ¡U
¡
I® C ¸ QD¡1

¢
U T !® (79)

Partitioning QT as QT D [ QT®; QT¯ ], one gets [compare Eq. (74)]

Ã® D 0®®
QT® (80)

Substituting Eqs. (79) and (80) to the optimality condition (66),
one � nally arrives at the following secular equation, analogous to
Eq. (55):

d2.¸/ ´
­­Q0®®U

¡
I® C ¸ QD¡1

¢
U T !®

­­2 D Q² (81)

The functiond2.¸/ is also monotonic, and therefore,a simple bisec-
tion approach can be used to solve Eq. (81) for ¸. Once the value of
¸ has been obtained,for example,¸¤, then Ã® can be computedfrom
Eq. (79). On the other hand, Ã¯ is directly evaluated from Eq. (77).
Therefore, the next iterate of T, Tk C 1 is given by

Tk C 1 D Q0Ã C [ OT 0]T (82)

The factorizationof QC is an O.N 3/ problem (although this can be
acceleratedby using fast Givens rotations to take advantageof spar-
sity and bandedness), and the diagonalizationproblemis O.M3/. In
numerical tests performed in the context of the present study, it was
observed that a speedup of a factor of 30 or greater can be achieved
by using the proposedmethod over the general SVD-based solution
found in Ref. 15.

V. Numerical Examples
In this section, test cases involving detailed thermal models of

spacecraft in ongoing NASA missions are used to examine the ac-
curacy of the algorithms presented in Secs. III and IV. These ther-
mal models have been used extensively during the course of these
missions. The termination criterion for both the proposed Gauss–

Newton algorithmand the SQP methodwas set at 10¡8 . This implies
that numerical convergenceis achievedwhen the Euclideannorm of
the differencebetween two successive iterates is equal to or smaller
than 10¡8.

In the � rst example, the proposed algorithms have been applied
to a thermal model of Seawinds, a microwave radar instrument
that orbits the Earth and measures near-surface wind speed and
direction.26 A schematic of the instrument is shown in Fig. 1. The
thermal model consists of N D 150 internal nodes, n D 91 boundary
nodes, 66 nonzero linear conduction coef� cients, 15,392 nonzero
radiationcoef� cients, and 8 heat sources.The set of observednodes
(the ® set) consists of 19 nodes. The unobservableset (the ¯ set) is
formed by the remaining 47 nodes.

To generate arti� cial measurements, a random perturbation was
applied to the boundary conditions. The solution for the ® set of
this perturbed thermal model played the role of the measured distri-
bution; the solution for the ¯ set of the perturbed model served as
the true distribution, that is, the set of temperatures that have to be
estimated as accurately as possible. The true temperature pro� le is
plotted in Fig. 2a. The differencebetween the true and initially com-
puted pro� les is plotted in Fig. 2b. The mean value of the difference
is 1.19 K.

At � rst it was assumed that there was no error in the measure-
ments, that is, ² D 0. The proposed Gauss–Newton algorithm for
problem NP1 requiredonly four iterations to converge.The error of
the algorithm is plotted in Fig. 3a. The temperaturesat the observed
nodes were matched exactly, as expected. The average estimation
error was 0.15 K, and the peak error was approximately 2.01 K.
The standard SQP algorithm was also used; it required more than
40 iterations to converge. In terms of accuracy, the results of the
two algorithms were almost identical. The error percentage of this
method is shown in Fig. 3b. However, the CPU time required by the
proposed algorithm was approximately 30 smaller than the CPU
time for the SQP-based method.

Next, it was assumedthat therewas a randomerror in the measure-
ments. The valueof ² was set at ² D 7 £ 10¡5, which is equivalentto
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Fig. 1 Schematic of the Seawinds instrument from four different angles.

Fig. 2a True temperature distribution of Seawinds.

Fig. 2b Difference between true and initially computed distributions;
observed nodes are shown with an asterisk.

an average measurement error of 2.27 K. The error of the proposed
Gauss–Newton algorithm for problem NP1 is plotted in Fig. 4a,
and the error of the equivalent SQP method is plotted in Fig. 4b.
The proposed Gauss–Newton algorithm for required 5 iterations to
compute the solution and it converged inside the feasibility region,
and the SQP method required approximately30 iterations and con-
verged on the feasibility boundary. The proposed method was also
more accurate than the SQP method. The maximum pointwise er-

a) Proposed Gauss–Newton method

b) SQP method

Fig. 3 Error in the estimated temperatures via the NP1 formulation,
tolerance ² = 0.0; observed nodes shown with an asterisk.

rors were 5.3 and 7.09 K, respectively, and the average errors were
0.74 and 0.99 K, respectively.

Analogous observations were made when the estimations for
the ¯ set were computed by solving the NP2 problem. For ² D 0,
both algorithms yielded identical results, but the proposed Gauss–

Newton algorithmwas much faster than the SQP method.The errors
of both schemes for this case are shown in Fig. 5, the average error
was 0.25 K. For ² D 7 £ 10¡5 , the results of the proposed algorithm
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a) Proposed Gauss–Newton method

b) SQP method

Fig. 4 Error in the estimated temperatures via the NP1 formulation,
tolerance ² = 7 ££ 10¡¡5; observed nodes shown with an asterisk.

Proposed Gauss–Newton method

SQP method

Fig. 5 Error in the estimated temperatures via the NP2 formulation,
tolerance ² = 0.0; observed nodes shown with an asterisk.

were more accurate than those of the SQP method. The maximum
pointwise errors were 2.45 and 5.82 K, respectively. The average
errors were 0.22 and 0.85 K, respectively. The error plots for this
test case are shown in Fig. 6.

In the second example, the proposed algorithms were applied to
the thermal model of a proposed NASA � ight experiment. This ex-
periment was designed to demonstrate the feasibility of technology
for large-size,segmented space telescopes.The primary mirror con-
sists of three segments. Passive thermal control is provided by the
sun shield, located in the back of the primary mirror. The thermal
model of the spacecraft consists of N D 1689 interior nodes, n D 30
boundarynodes,5153nonzeroconductioncoef� cients,and100,417
nonzero radiation coef� cients.

Two different boundary conditions were considered, a cold one
and a hot one. For the purposes of the present study, the solution of
the thermalmodelwith thecoldboundaryconditionswas considered
to be the initially computed pro� le. A schematic of the thermal
model, along with a plot of the cold solution is shown in Fig. 7.
The measurements for the nodes of the ® set, QT, were taken from
the solution of the model with the hot boundary conditions, so that
this (hot) solution could also serve as the true distribution for the
¯ set. The initial pro� le and its difference from the true pro� le
are plotted in Fig. 8. The average difference is 6.93 K, and the

Proposed Gauss–Newton method

SQP method

Fig. 6 Error in the estimated temperatures via the NP2 formulation,
tolerance ² = 7 ££ 10¡¡5; observed nodes shown with an asterisk.

maximum difference is 9.78 K. Such differences are not typically
encountered in practice. They have been used in this study as a test
of the robustness of the proposed algorithms.

Further, it was assumed that there were M D 100 available sensor
locations. Sometimes various design considerations impose con-
straints on the possible location of the temperature sensors. In this
example, it was assumed that there were no such restrictions. The
metric of this problem was how well deformationsare predicted on
the primary mirror of the telescope given a global stiffness matrix
coupledwith a thermal model and measured temperaturedata. Con-
sequently, the sensors were placed in the most important locations
with respect to deformationsof the primary mirror. For this purpose,
the interior nodes of the system had to be ranked according to their
effect on the deformations of interest. The ranking was performed
via the following semi-empirical procedure.

Assume that there are M1 nodes that in� uence the deformation
on the primart mirror of the telescope. Under the assumption of
linearity, the deformations» inducedby temperaturechangessatisfy
the following linear system:

K ¢ » D W ¢ .T ¡ T0/ (83)

where K is the stiffnessmatrixof the structure,W is the temperature-
to-stress transformationmatrix, and T0 is the vector of the nominal,
zeros-stress temperatures of the nodes of interest. The solution to
Eq. (83) can be formally written as

» D K †W ¢ .T ¡ T0/ (84)

where K † is the pseudoinverseof K . Further, considerthe submatrix
consisting of the rows of the product K †W that correspond to the
elements of » that are interesting, and determine its singular values
and singular vectors, ei and vi ; i D 1; : : : ; M1 , respectively, via the
SVD. In general the SVD is not the most effective way to compute
deformations. However, the problem of estimating the in� uence of
each forcing term to the deformation vector is much harder than
the problem of solving system (83), and the SVD can not be easily
avoided in this case.

Once the singular values and vectors have been computed, the
vector V de� ned as

V D
mX

i D 1

ei ¢ vi (85)

is formed. Next, the elements of V are ranked according to their
absolute values. This ranking gives a measure of the relative im-
portance of the nodes of the system to the M1 deformations of
interest.
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Fig. 7 Schematic of the spacecraft thermal model and initial temperatures.

True temperature

Difference between true and initial distributions

Fig. 8 Temperature distribution.

In the present example, there are M D 100 observed nodes. The
deformations of interest are the three translational displacements
of each node in the model the primary mirror. The structural grid
for the mirror consisted of 627 points. Therefore, the number of
deformations of interest is M1 D 627£ 3 D 1881. The preceding
semi-empirical procedure was employed for the determination of
the observed nodes. Approximatelyone-third of them were located
at the primary mirror, another third at the backplaneof the primary
mirror, and the other third at the supporting structure of the sec-
ondary mirror.

Next, the proposed Gauss–Newton algorithms were applied for
the estimation of the temperature at the unobservable nodes. The
estimation error via the NP1 formulation when ² D 0 is shown in

a) NP1 formulation

b) NP2 formulation

Fig. 9 Error of the proposed Gauss–Newton method in the estimated
temperatures, tolerance ² = 0.

Fig. 9a. It can be veri� ed that the algorithm produced satisfactory
results; the average error was 0.8 K, and its maximum was less
than 2.32 K (Recall that the average difference between true and
computed pro� le was 6.93 K.) The test was repeated with the NP2
estimation strategy, but the results were not satisfactory. The error
plot for the NP2 algorithmis given in Fig. 9b. It can be observedthat
the estimation errors were as high as 56.7 K, although their average
was 3.89 K. For this test case, the equivalent SQP-based algorithm
failed to converge, indicating that it is not as robust as the proposed
Gauss–Newton method.

Subsequently, ² was set at 7 £ 10¡5 , which corresponds to an
average measurement error of 1 K. The results were completely
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NP1 formulation

NP2 formulation

Fig. 10 Error of the proposed Gauss–Newton method in the estimated
temperatures, tolerance ² = 7 ££ 10¡ ¡ 5 .

analogous. The estimation errors are shown in Fig. 10. With the
NP1 formulation, the average error was 2.5 K, and its maximum
value was about 7.62 K. The algorithm based on the NP2 problem
did not perform well and produced errors as high as 89.4 K (8.32 K
on average). The equivalent SQP-based algorithm again failed to
converge.

As already mentioned, the metric for this problem was the accu-
racy in the predictions for the deformations on the primary mirror.
The difference between the initially computed thermal distribution
and the true solution corresponds to deformationswhose Euclidean
norm is 55.56 ¹m. When ² D 0, this norm was reduced to 5.62 ¹m
with the NP1 solution,and 28.19¹m with the NP2 solution.In other
words, there was a reductionby a factor of 10 and a factorof two, re-
spectively.When ² D 7 £ 10¡5, this norm was reduced to 14.24 ¹m
with the NP1-based algorithm (reduction by a factor of four). On
the other hand, the norm of the deformationspredicted by the NP2-
basedalgorithmremainedpracticallyunchanged,55.95¹m, despite
the large errors in the estimated temperatures.

To examine further the source of errors with the NP2 algorithm,
we used the solutionof the NP1 problem as the startingpoint for the
NP2 algorithm. The algorithm converged to the same solution. In
other words, the NP1 solution is suboptimal for the NP2 problem,
but leads to a much more accurate estimate of both temperatures
and deformations. The main difference between the two formula-
tions is that an energy imbalance in the ¯ set is permissiblewith the
NP2 criterion. This imbalance undoubtedly leads to dif� culties in
this problem. An explanation for this is that, if the heat exchange
between the ® and ¯ sets is poor, then temperatures can change
signi� cantly in the ¯ set while still satisfying the measurement con-
straint. (Recall that the selection of the ® set for this problem was
based on the deformations on the primary mirror and not on the
connectivityof the thermalmodel.) Hence, in this case, the NP2 cri-
terion admits large temperature variations in the ¯ set to reduce the
cost. These temperature variations can get even larger in problems
with signi� cant measurement noise.

VI. Conclusions
Methods for estimating global temperatures from an a priori

thermal model augmented with partially (and noisily) observed
temperatureswere developed.The mathematicalformulationof this
problem required nonlinear extensions and generalizationsof anal-
ogous formulations that arise in structural analyses to determine
global displacements from an a priori � nite element model coupled
with experimental test data that are restricted to a subset of the de-
grees of freedom of the system. After a number of considerations
involving possible problem formulations, two strategies emerged
for estimating the global temperature distribution. The � rst strat-

egy minimizes the energy imbalance of the model at the observed
nodes. The secondstrategyminimizes the energy imbalanceover all
of the nodes of the system. Knowledge of a subset of the tempera-
ture pro� le through (noisy) measurementsis enforcedas a quadratic
constraint in both these problems. The problems de� ned by these
two strategies were designated NP1 and NP2, respectively.

Solving theprogrammingproblemsassociatedwith NP1 and NP2
was a nontrivial problem in of itself. We discovered that state of
the art off-the-shelf programs, such as SQP, were inadequate. In
the telescope example we could never get SQP to converge. Al-
ternative algorithms that exploit speci� c structure inherent in the
network model and associated programming problems were devel-
oped. These algorithms converged on all of the problems, and in
timing comparisons when SQP was successful, they ran typically
30 times faster than SQP.

A somewhat wide variation in performance of the methods was
observed.On the moderatelysizedSeawindsproblem,bothNP1 and
NP2 produced improvementsover the initial model estimate, which
does not incorporate temperature data. Furthermore, the improve-
ments for the two methods were rather comparable. This contrasts
with the results for the larger telescope model. The metric of this
problem was how well deformations are predicted on the primary
mirror of the telescope given a global stiffness matrix coupled with
a thermal model and measured temperature data. The NP1 formu-
lation yielded signi� cant improvement over the predictions of the
a priori model, but the results of the NP2 formulation were mixed:
a moderate improvement if the measured temperatures were exact,
and no improvement when there was a small error, 1 K, in the mea-
surements. The disparity in these results suggests the underlying
sensitivities in the solutions to the optimization criteria as a func-
tion of the thermal model and measurement locations. The lack of
robustnesswith respect to the chosen criterion is indicativeof dif� -
culties in the problem formulation. This is underscored by the fact
that the NP1 solution is suboptimal for the NP2 problem, but clearly
leads to a much more accurate estimate of both temperatures and
deformations.The variation in the solutions between NP1 and NP2
could serve as a diagnostic for the robustness of the thermal model
and measurement set.
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